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SUMMARY

Application of Martin-Graham digital filters to detailed
wind profiles is discussed. Procedures are outlined for se-
lecting filter designs for a variety of applications, Numerous
tables and illustrations enable the investigator to evaluate the
capabilities and limitations of the many filters from which he
may choose, Methods for weight computation and application

to wind profile measurements are provided.
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Section 1
INTRODUCTION

This document is intended to assist investigators design, construct
" and apply digital filters to detailed wind profiles (i.e., profiles whose meas-
urements are provided at 25-m altitude increments, such as those derived
from FPS-16 radar measurements of the Jimsphere balloon). Information
presented is in a form that requires little prior knowledge of the theory of

filtering. Detailed theoretical treatments can be found in Refs. 1, 2 and 3.

Digital filters are used for smoothing, trend removal, or other forms
of selective spectral alteration, For example, smoothing can be used to
isolate synoptic or mesoscale wind profile features for study, or large-scale
motions can be removed so that the effects of only small-scale motions can
be examined. In this report, the task of filter design is reduced to selecting
three parameters whichH determine the response (i.e., the effect that the filter
has on the frequency domain of the input data). After he understands the way in
which these parameters affect response, the investigator can construct a filter
that best satisfies his requirements. By using the tabulated data and illustrations,

the effects of a wide variety of filters can be compared.

The filters discussed are based on the Martin-Graham cosine rolloff
model. This design was selected because of its
» Efficiency (a desired effect can be achieved with fewer weights
than with most other filter types), ’
e Evenness (no phase shifts are produced}, and

¢ Flexibility (weights for low-pass, high-pass, band-pass, and
notch filters are easily computed).



Section 2
DISCUSSION

2,1 GENERAL

Most of this discussion concerns Martin-Graham low-pass,i.e., (smooth-
ing) filters. With minor modifications, much of the information also applies
to high-pass filters, and, to a lesser degree, band-pass and notch filters
(Section 2.,5).

Generally, a filter consists of a sequence of weights, each of which
determines the proportion that an observation in a series contributes to the
filtered value. All Martin-Graham filters consist of an odd number of weights,
n, whose values are symmetric about the center weight. This configuration
eliminates phase shifts, The filter is applied by cumulatively multiplying
consecutive wind profile values by the weights to obtain a filtered wind at the
level of the center weight, Filtered values are computed at each 25-m level
for which input data are provided (except for the first and last N = (n-1)/2

values, which are lost). This process is illustrated in Sectinn 2.4,

A discussion of digital filters requires that some of the concepts and
methods of Fourier analysis be used. In the Fourier context, a wind profile
is assumed to comprise a sum of sinusoidal waves of various lengths, ampli-
tudes and phases. A filter operates on the frequency* domain, selectively
altering the relative amplitudes of the Fourier components. Ideally, a low-
pass filter would remove all Fourier components whose frequencies exceed

a specified value, while leaving all lower frequency components unaffected.

*The term "frequency' ordinarily denotes the reciprocal of period in a time
series, In this report, where space series are discussed, 'frequency"
analogously refers to the reciprocal of wavelength. The units used are
cycles per meter.



Any filter with a finite n only approximates the ideal effect. A filter's
cffectiveness, therefore, can be evaluated in terms of how closely it

approximates the idcal.

2.1.1 Response and Gain Functions

The response function of a filter, GA(f), gives the effect of a filter on
the frequency domain. The response function, GA(f),is defined as the ratio of
the amplitude of an oscillation of frequency f{ after filtering to its amplitude
before filtering’:f An ideal low-pass filter would have GA(f) = 1 for all frequencies
less than some specifiedAcutoff frequency, fc, and G’\(f) = 0 for all £ > fc. Given

a set of filter weights, G(f) can be computed from the equation given on page

A-4 of Appendix A,

The basic design of a filter is specified by its gain function, G(f), which
is defined in precisely the same manner as GA(f), except that G(f) represents
the desired or designed response. The gain function for the Martin-Graham
low-pass filter is given on page A-1 of Appendix A. The distinguishing char-
acteristic of this model is that G(f) is allowed to roll off from 1 to 0 as a
cosine function., Other investigators (Ref. 4) have shown that the Martin-
Graham model produces more efficient filters than any of several other de-

signs that have been tested.
2.1.2 Filter Design and Construction

To construct a filter, the cutoff and termination frequencies, fc and ft’
are selected to provide the desired rolloff, which determines a unique gain
function that can be converted, by an inverse Fourier transformation, to the

weight function (Appendix A, page A-2). After deciding upon the number of

% . .
Just as the response function measures the effect of a filter on input data,

A
the power transfer function, (G(f))2 measures its effect upon the spectrum
of the data. For investigations of wind profile spectra, the transfer func-
tion may be a more useful measure of a filter's effect,



weights needed, one computes the weights from the discrete sample form

of the weight function as shown on page A-3 of Appendix A.

In designing a filter, the parameters fc, ft and n must be chosen so
that an adequate response is produced. The required response, however, is
a function of the spectral characteristics of the data. For example, consider
the profiles of the meridional wind component and ascent rate in Figs. |1 and 2,
Clearly, the ratios of the amplitudes of high frequencies to low frequencies
differ greatly. Therefore, smoothing the ascent rate requires that high fre-
quencies be suppressed more than is needed to produce an equivalent smooth-
ing of horizontal winds. This becomes evident later in the discussion where
the gain and response functions of a variety of low-pass filters, together with

filtered versions of the profiles in Figs. 1 and 2, are shown,
2.2 RESPONSE AS A FUNCTION OF fc’ ft AND n

The proper choice of fc’ ft and n requires that the characteristics of
the resultant response function be anticipated. Although the gain function
G(f) is specified by fc and ft' how closely G’(\f) approximates G(f) for a given
n must be known. Specifically, it is important to know: (1) the width of the
actual rolloff and (2) the effectiveness of the preservationof all f{< fc and
attenuation of all f > ft' A sharp rolloff is desi:-able because attenuation
varies widely in this interval. If the lobes in G(f) outside the rolloff interval
(see below) are too large, inadequate attenuation of high frequencies, coupled
with distortion of the relative amplitudes of low frequencies, may result.

Response characteristics, as they relate to the choice of fc’ f,, and n, are

tl
discussed in this section.

2.2.1 Effect of Varying fc

The effect of varying fc is illustrated in Figs. 3, 4, and 5. Figures 3a

through 3h show the gain (dotted line) and response (solid line) functions* for

%
The frequency scale extends from zero to the Nyquist frequency (fN = 0.02).
This is the highest frequency that can be represented by 25-m data.

4



sceveral filters, cach of which has 10]1 weights and a rolloff interval of 0.0005.

The cutoff [requencics vary from 0.0 to 0.01, corresponding to vertical wave-

lengths ranging from infinity to 100 m. The function G’\(f) closely approximates
G(f), as evidenced by the sharp rolloff and low-amplitude side lobes. Figures
4 and 5 show the effect of filtering the profiles shown in Figs. 1 and 2, using

24 different values of fc while maintaining N = (n-1)/2 and Af = f, - fC constant

t
at 50 and 0.0005, respectively. Note that the lowermost and uppermost 50 data
points are lost. Each filtered profile is plotted to the same scale as the un-

filtered profiles of Figs. 1 and 2. The space between vertical grid lines equals

the displacement of successive filtered profiles,

2.2.2 Effect of Varying n
A
The departure of G(f) from G(f) depends, in part, upon the number of

A
weights, n. In fact, G{f) = lim G(f). Figures 6a through 6e illustrate this
N~+00 -
effect by showing results for n=11, 21, 41, 71 and 101, while fC and ft remain
fixed at 0.005 and 0.0055, respectively. Notice that as n increases, GA(f)
rolls off more sharply and side-lobe amplitudes tend to diminish. The sets
of filtered profiles of Figs. 7 and 8 include the effects of the filters shown in

Fig. 6.

Depending on the filtering task and the spectral composition of the data,
the choice of n may or may not be crucial. For example in Figs. 7 and 8,
increasing the number of weights teyond 31 has only a very slight effect. If
a rolloff is required in the very low frequency portion of the spectrum, where
spectral amplitudes in wind profiles are normally large, however, n becomes
very important. In Figs. 9 and 10 where fc = 0.0 and ft = 0.0005 (attenuation
of all A <2000 m is wanted), the importance of n Ais obvious, with n = 101 pro-

ducing the best results (see Fig. 3a for G(f) and G(f)). Here, a sharp rolloff

A
and small high-frequency lobes in G(f) are essential.



2.2.3 Effect of Varying Af

The rolloff bandwidth, Af, also affects the behavior of GA(f). For a fixed
n, side-lobe amplitudes generally increase as Af decreases. Thus, in select-
ing a filter, one must compromise between rolloff sharpness and suppression
of side lobes. Figures lla through 11d, wheren =11, fC = 0.001 and Af varies,
illustrate this effect. The sequences of filtered profiles in Figs. 12 and 13
include the effects of the filters shown in Fig. 11. Note that high frequencies
(oscillations which make the unfiltered profile look rough) are effectively re-
moved from the profile of the meridional component and that there is little
noticeable difference between the filtered profiles. High frequencies in the
filtered ascent-rate, however, are not completely removed, although they

are increasingly attenuated as Af becomes larger.

Response also depends upon the sampling interval of the data. Since

the sampling interval is a constant 25m for detailed profiles, this effect may

be ignored in this study.

In summary, the following points should be considered when the
parameters, fc, ft and n, are being selected:
e TFilter requirements depend upon the spectral composition of the

input data. Specifically, they depend upon the ratio of amplitudes
of the frequencies to be suppressed to those to be retained.

A
e Response improves (i.e., G(f) approaches G(f)) as the number of
weights increases. Unfortunately, computation time and the num-
ber of points lost (the first and last N) increase correspondingly,

e In selecting fc and ft for a low-pass filter with n weights, one

should realize that as Af decreases the side-lobes of GA(f) tend to
increase.

2.3 USE OF TABLES TO EVALUATE RESPONSE

Appendix B and Appendix C consist of tables which permit comparisons

to be made among the response characteristics of a variety of low-pass filters.



The tables in Appendix B measure the rolloff of the response curves and those
in Appendix C indicate the rms deviation of G,(\f) from G(f). Each appendix con-
tains 11 tables, grouped according to Af because, for fixed values of Af and n,
the response functions tend to have similar rolloff bandwidths and side lobe
amplitudes (see Figs. 3a through 3h). Each table contains columns corresponding
to 24 different fC's or vertical wavelengths of © (fC =0), 10 km, 7.5 km,

5km, 4km, 3km, 2.5km, 2km, 1750 m, 1500 m, 1250 m, 1000 m, 900 m,
800 m, 700 m, 600 m, 500 m, 400 m, 300 m, 250 m, 200 m, 150 m, 125 m,
and 100 m. FEach column is labeled according to fc and ft and their equivalent
vertical wavelengths )\C and )\t. The columns contain values corresponding to
N = 5,10, ..., 50,

2.3.1 Use of Response Rolloff Tables (Appendix B)

The response rolloff tables give the vertical wavelengths at which G?f)
equals 0.8 and 0.2. While the choice of 0.8 and 0.2 is arbitrary, the tables
provide information on the true rolloff of each filter. From these listed values,
one may compare the rolloff steepness of 2640 filters. The following examples

illustrate possible uses of the tables:

Example: How many weights are needed to attenuate at least 80%
of all % <100 m and retain at least 80% of all A > 150 m ?

Filters having the required rolloff and only 11 weights (N=5) are
found in Tables 1 through 5 (with A. = 125 m), and Tables 8 through
10 (with A, = 150 m). Possibly even fewer weights could produce
the required rolloff,

Example: All A < 200 m in an ascent-rate profile are to be strongly
attenuated and all A > 1000m are to be essentially retained. Assuming
that choosing Af=0.002 and N =50 will ensure the necessary small side-
lobes, what value of )‘c should be chosen?

Since retention of the band 200 < A <1000 is not required, it should be
attenuated as much as possible. Table 8 (p. B-22) shows that )‘c =2500m
produces an 80 to 20% rolloff from 1006.70 to 552.67. Other choices of A
(such as 1000 m) would satisfy the stated objectives, but would produce
less attenuation of the 200 - 1000 m band.



2.3.2 Use of Tables of RMS Difference Between Gain and Response
{Appendix C)

This set of tables indicates the degree of conformity between the gain
and response. Tabulated values give an indication of the relative magnitudes
of side lobes, and therefore the degree of suppression of unwanted high fre-
quencies. Each tabulated value is the rms difference between G(f) and GA(I),
computed from 200 differences. The tables confirm the tendency for GA(f) to

approach G(f) as n and Af increase.

Example: Assume that the filter whose response is shown in Fig. 11d

(AF =0.004, N=5, fc= 0.001) is considered to be adequate to attenuate all

A <100m in an ascent rate profile (see Fig. 13b). Appendix B (p. B-32)
shows the 80 to 20% rolloff to be from 601.8 to 248.0m. Appendix C gives '
an rms value of 0.04866. Suppose that a sharper rolloff is wanted (from
600 m to 500 m) while at least the same degree of attenuation of A<100m
is maintained. How many weights would be needed?

A survey of the rolloff tables (Appendix B) reveals only three listed
filters that have the desired rolloff (i.e., Table 1, A, =600,and Ay = 508,
N = 40, 45, or 50). Table 1 of Appendix C shows that the rms value
for each of these filters is less than 0,04866. Thus, the choice of

Ac = 600, A, =508, and N = 40 (81 weights) can reasonably be ex-
pected to be adequate.

2.4 DETERMINING AND APPLYING FILTER WEIGHTS

The preceding discussion, with its illustrations and tables, should
enable the investigator to choose the parameters for a low-pass filter which
meets his requirements. The capabilities and limitations of the Martin-
Graham filter, as applied to detailed wind profiles, have been presented.
Methods for generating weights and applying them to wind profile data are

discussed in this section,

Two methods of determining weights are provided. One of these is a
subroutine, written in FORTRAN 1V, which can generate weights for any
Martin-Graham low-pass, high-pass, band-pass or notch filter. It can also

filter input data and compute response. The use of the method is not limited



to 25-m wind profile data, The subroutine is fully explained and listed in

Appendix A.

If the use of the subroutine described in Appendix A is not possible,
weights can be obtained from the third set of tables (Appendix D). The format
of the weight tables is equivalent to the format of the other two sets of tables.
Each tabulated column consists of 51 non-normalized weights which can be
grouped to form low-pass filters of from 3 to 101 weights. After the filter
parameters n, fc, and ft have been chosen, the weights are computed as

follows:

1. Find the table and weight column corresponding to fC and ft'

2. The leftmost column on each page lists values of N from 0 to
50. Use the first N+1 values (h; through hN) in the weight

column to form the filter weight array:

h

by BNty oo B By, by by b

1’2 "'h(N-l)’hN,

where h-i = hi for ail 1.

(The block of values in the table corresponds to the sequence
shown in brackets,)

3. Normalize by applying the constraint

N
Zhizl

i=-N

by dividing each weight by the sum of all the weights:

1
h0+2§:hi

i=1

Example: Suppose these filter parameters have been selected:

n = 5
fc = 0.004 ()\C = 250 m)
ft = 0.005 ()\t = 200 m)



Since Af = 0.001, the required weight column is in Table 4,
Since N =2, the first N+ 1 = 3 tabulated values are used to form

the symmetric weight array:

0.06273137
0.08264199
0.09000000
0.08264199
0.06273137

and the normalized weights we (to three decimal places) are:

0.165
0.217
0.236
0.217
0.165

Application of weights to a sequence of wind profile data is illustrated

below:

Given, for example, a 5-weight filter W 5 W_1s Wor Wy Wy and a sequence

of wind values, U, Uy, Ugy e, the filter operates on the data as follows:

Altitude Unfv}lit:ged L Filtered Wind
2o Y1 W2 -

Zo + 25 u, w1 \;7-__5 ;—

Z, +50 u,  wo [ w_) x;: ‘i__z_:z Yi+3 Vi
Z, +175 u, W | owo [ w_| T, VitV
Zo + 100 ug W_Z__ wy W —————.i'—"-z it5 Vi
Zo + 125 u, \ZZ— )

Z0 + 150 u . ‘."_2.4

10



(Note that no filtered values are provided for the first N =2 points (this is

also true for the last N points)).
2.5 HIGH-PASS, BAND-PASS AND NOTCH FILTERS

The high-pass, band-pass and notch filters, whose characteristic gain
functions are illustrated in Fig. A-1, Appendix A, are used to attenuate low
frequencies, high and low frequencies, or any isolated frequency bands, re-
spectively. Weights for any of these filters can be easily obtained from low-

pass filter weights as described on page A-4 of Appendix A.

The response of a high-pass filter equals one minus the response of the
equivalentlow-pass filter (same n, fc and ft reversed)., Therefore, the data
in Appendixes B and C are valid for both types, except that the cutoff and

termination values are reversed.

Band-pass and notch filters are constructed from pairs of high- and
low-pass filters. Their response functions are thus composites of two filters.
Therefore, the tables in Appendixes B and C do not apply to band-pass or

notch filters.

11
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Appendix A

GFILTR: Numerical Smoothing Routine

Written By: D. Carlin, R. E. De Mandel and S. J. Krivo, Lockheed

Missiles & Space Company, Huntsville Research & Engineering Center.

Purgbse: To compute the numerical smoothing weights for a low-
pass, high-pass, band-pass, or notch filter. Separate entry points,
FLDATA and FRRESP, allow the user to apply the filter to any number of

sets of data and to compute the filter response.

Method: The basic design is a low-pass Martin-Graham filter (Ref-

crence). The gain function, G(f), is defined as:

G(f) =1 when f £ fc

t C

[ f-f
G(f) = 1/2 [cos (f ?11) +1f 1 o<f<o

G(f) = 0 f2ft

where:

f  (the cutoff frequency) = the highest {requency whose
amplitude is passed with unity gain,

f  (termination frequency) = the lowest frequency whose
amplitude is passed with zero gain.



Thus the gain function has unity gain below fc' a cosine function
in the rolloff interval between fc and ft. and zero gain above ft.

The gain function of this low-pass filter is illustrated in Figure
A-la. (Here, Fl and F2 represent fc and ft' respectively.)

1
G(f)
> { 0
Fl F2 Fl F2
(a) Low-Pass (b) High-Pass
1P
I
!
’ |
G(f) |
|
|
0 {
Fl F2 F3 F4 Fl F2 F3 F4
(c) Band-Pass (d) Notch

Figure A-1 — The Four Filter Types Which Can Be Generated With GFILTR

The above gain function can be converted, by an inverse
Fourier transformation, to the weight function, h(t), in the

time (t) domain:

sin(Zﬂ'ftt) + sin(2mf t)
c
h(t) = 2 2] y
Zﬂt[l -4t (ft—- fc)




The discrete sample form of this weight function equation is

sm(27rf 1T)+ sm(27rf iT)
h, = h(iT) =
t . Zm'rTl-hzz(f-f)]

where:
T = time interval between data samples
i = weight index (-N, -N+1,...,-1,0.1,...,N-1,N)
N = (n-1)/2
n = number of weights

The center weight (i=0) is given by:

When the weights, hi’ have been determined, they are norma-

lized by applying the constraint
é h. = 1 .
1
i==N

Only (N+ 1) weights need be calculated since h = h . Since

the filter function is even, no phase shift is produced

The application of the filter to input data (XJ) to produce
filtered data (YK) is given by:

Yk = B Xnek * i: hy Xnek-i ¥ Xneged!
it



where K =1,2,...,NX -2N, and NX = the number of input
(data) points.

The filter response function is given by

N
A
G(f) = h°+ 2 E hi cos(2mfiT)

i=1

As the number of weights (n) is increased, the response of
‘ A

the filter improves [i.e., G(f) approaches G(f)]. However,

computation time increases as does the number of points

lost (the first and last N data points).

The basic low-pass filter is used to design the other filter

types (see Figure A-1):

1. The weights for a high-pass filter are obtained by sub-
tracting the weights of a low-pass filter from those of
an all-pass filter (one in which all frequencies have
unity gain). The weights of an all-pass filter are equal
to zero except for the middle weight which is unity.

2. The weights of a band-pass filter are obtained by sub-
tracting the corresponding weights of two low-pass
filters, '

3. Nofch filter weights are obtained by subtracting the
band-pass weights from the all-pass weights.
USAGE: The CALL statement for determination of the weights is:
CALL GFILTR (ITF, DELT,NP, W, F1,F2,F3, F4)
where:

ITF specifies the filter type to be generated., ITF may be
assigned values from 1 to 4 as follows:



low-pass

ITF = high-pass
band-pass

B W NV -

notch

DELT is the time interval between successive data points,

NP is the number of weights desired. NP must always be
odd,

W is the weight array, W must be dimensioned by at least
NP in the main program.

Fl,F2,F3,F4 are the desired cutoff and termination fre-
quencies, f and f. For a low-pass or high-
pass filter, valuef are assigned to Fl and
F2, and F3 and F4 are '""dummy' arguments.
For a band-pass or notch filter two values
of f and f; are required. After values are
selected for the cutoff and termination fre-
quencies, they must be assigned to F1, F2,
F3, and F4 such that F1 < F2 £ F3 € F4 (see
Figure A-1).

The CALL statement used to apply the filter to a set of data is:
CALL FLDATA (NX, X, Y)

where:

NX is the number of data (input) points to be smoothed,

X is the input array of data points, X must be dimen-
sioned by at least NX in the main program,

Y is the output array of filtered data. It must be dimen-
by at least NX-2N in the main program,

The CALL statement for the filter response is

CALL FRRESP (NF, FI, FS, F, R)



where:
NF is the number of points (frequencies) for which
response is to be computed.
F1 is the frequency interval between points.

FS is the first (lowest) frequency at which response is
to be computed.

F is the output array of frequencies for which response
is computed. F must be dimensioned by at least NF
in the main program.

R is the output array of response values. R must be
dimensioned by at least NF in the main program.

RESTRICTION: The only restriction on the number of weights (NP) chosen is

the amount of core storage available,

REFERENCE: Graham, Ronald J., '"Determination and Analysis of Numerical
Smoothing Weights," NASA TR R-179, George C. Marshall Space
Flight Center, Huntsville, Alabama, December 1963,



SUBROUTINE LISTING )
(FORTRAN 1V)

SUBROUTINE GFILTR (ITF'DELTsNPeWeF] +F2.F3+F4)
DIMENSION W{(NP)
DATA P1/3.14159265/
* NPl = (NP + 1) / 2
N = NPI - 1
DT2 = 2.0 % DELT
P120T = Pl # DT2

KM = O
FC = F1
FT = F2

10 FTMC = FT - FC
WX = FT + FC.
SUM = WX

DO 2C K=1«N
M= K + KM

AA = DT2 # FLOAT(K)
AM = AA * PI
AC = AM * FC
AT = AM ®* FT
AD = (FTMC * AA)#%2

DM = 1,0 - AD

IF (DMel. TeCeOO001 e ANDeDMeGTe=0+0001) GO TO 15

WiM) = (SINCAT) + SINCAC)) / (AM # DM)
GO TO 20
15 WM} = (FTH*COS(ATY + FCHCOS(AC)) / (1.0 -

20 SUM = SUM + 2.0%W(M)
K1 = KM + 1
K2 = KM 4+ N
DO 22 M=K1K2
22 WiM) = W(M) / SUM
WX = WX / SUM
IF (KMeGTe0) GO TO 25
WINPL) = WX
IF (ITFe.LT+2) GO TO 99
IF (1TF+EQe2) GO TO 30
FC = F3
FT = Fa

3.C*AD)



25

27

4,
42

50

60
99

KM

= NP

1

GO TO 10
DO 27 K=1sN
M = K + NP1
wikK) = WiM) — WIiK)
WINPI)Y = WX - WINP1)
IF (ITF«EQe3) GO TOC 99
WINP1)Y = 160 = WINPI1)
DO 32 K=1eN
wWiKy = =-wiK)
o0 TO 90
ENTRY FLDATA (NX+XaY)
DIMEHSTON X INX) s YINXY
KM = NX = N - N
DO 42 K = 1+KM
M = K + N
SUM = X(M)¥WINPI1)
DO 40 J=1«N
K = M= J
K = M + J
SUM = SUM + WU *({X(K1) + X(K2))
YKy = SUM
GO TO 99
ENTRY FRRESP (NF+«FI«FSelMsR)
DIMENSION F (NF)+RINF)
F(1) = FS
DO 50 K=2«NF
FIK) = Fi(K-1) + F1
DO 60 K=1+NF
R{K) = WINP1)
WX = F{K) ® PI2DT
DO 60 JU=1+N
RIK) = RIK) + 20 ¥ W(J) % COS(FLOAT(J)
RETURN
END

#* wWX)



Appendix B

TABLES OF THE WAVELENGTHS
AT WHICH RESPONSE EQUALS 0.8 AND 0.2
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Appendix C

TABLES OF THE RMS DIFFERENCE
BETWEEN THE GAIN AND RESPONSE FUNCTIONS
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